Abstract
Introduction
The rate of broadening of a cloud of matter in a flowing stream is due to dispersion phenomena and thus it can be utilized as an efficient means to accomplish dilution or mixing. Because of its wide applications in the arena of chemical engineering, physiological fluid dynamics, environmental sciences, bio medical engineering etc., investigations of longitudinal dispersion of a solute in an exceedingly solvent flowing through a conduit (pipe/channel) is gaining additional attention among the scientific community. Specifically, through blood flow, matters like nutrients, metabolic items, drugs and so on are transported as a consequence of diffusive and convective mechanisms in physiological systems.
The first fundamental study on dispersion was initiated by Taylor [1] , discussing the dispersion of a soluble matter in a viscous liquid flowing through a circular pipe under laminar condition. He observed that the spreading of solute under the joint effects of the lateral molecular diffusion and the radial velocity distribution over the cross section is symmetrical about a point moving with the average velocity of the liquid. Using the mathematical approach of moment analysis, Aris [2] extended Taylor's theory by considering streams with lower Peclet number and found that axial diffusion would play an important role in longitudinal dispersion. Sankarasubramanian and Gill [3] developed a derivative expansion method viz. 'generalized dispersion method', for large as well as small time while comparing dispersion coefficients with time. Further more, a lot of researchers added their valuable contribution to understand dispersion process more and more precious way.
Following different dispersion techniques, a large number of studies are available in literature dealing with longitudinal dispersion in steady and unsteady flows both in Newtonian and non-Newtonian liquids (pipe/channels). Using his own particular methodology, Aris [4] first examined longitudinal dispersion by considering periodic pressure gradient as the driving force in an infinite tube. The reason for making flow unsteadiness, Bandyopadhyay and Mazumder [5] and Paul [6] considered the boundary wall movement. Using method of moments Bandyopadhyay and Mazumder [7] studied the effect 1 Department of Mathematics, National Institute of Technology Agartala, Tripura, 799046, India of pulsating flow on the dispersion process in a channel and Sarkar and Jayaraman [8] , Mazumder and Mondal [9] investigated the effect of wall absorption on dispersion in oscillatory flow in an annulus and explained the application of their study to a catheterized artery.
In modern days, dispersion in non-Newtonian liquids has its applications in the field of bio-chemical processing, cardiovascular system, polymer processing etc. In 1993, Sharp [10] studied the dispersion phenomena in non-Newtonians fluids (Casson, Bingham plastic and power law fluids) through conduits using Taylor-Aris dispersion model. A brief review on dispersion in power law fluids was done by Agarwal and Jayaraman [11] . Using generalized dispersion model of Sankarasubramanian and Gill [3] , shear augmented unsteady dispersion of a solute in a Casson fluid flowing through a conduit was analyzed by Dash et al. [12] and discussed its application in blood flow and found that yield stress considerably affects the rate of dispersion of a fluid. In recent days, Nagarani et al. [13] discussed the longitudinal dispersion and its application in catheterized artery assuming Casson fluid model through an annulus.
In some of the above investigations, the effectiveness of longitudinal dispersion in blood flow were discussed where blood has been treated as Newtonian and non-Newtonian liquid depending on the value of shear rates. Experimental studies on blood (Scott Blair [14] , Charm and Kurland [15] ) with the variety of haematocrits, anticoagulants, temperature and so on and recommended that the behaviour of blood at low shear rate can be described sufficiently by the Casson model. In particular, when blood flows through small blood vessels, the presence of a peripheral layer of plasma (Newtonian liquid) and a core region of suspension of all the erythrocytes as a non-Newtinian liquid can be seen, which was experimentally shown by Bugliarello and Sevilla [16] and Cokelet [17] . The assumption of Newtonian behavior of blood is acceptable for high shear rate flow through larger arteries [18] . But, blood, being a suspension of cells in plasma, exhibits non-Newtonian behavior at low shear rate < 10 / s in small diameter arteries (0.02-0.1 mm) [19] . Thus for a practical portrayal of blood stream, it is more fitting to regard blood as a two-liquid model comprising all the erythrocytes assumed to be a Casson liquid and a peripheral layer of plasma as a Newtonian liquid. There are several works available in the literature revealing the significance of the peripheral layer in the functioning of the flow characteristics in the arterial system. Srivastava and Saxena [20] showed that the resistance to flow increases as yield stress increases and also the magnitudes of the flow resistance found to be decreasing with the increase in the thickness of the peripheral layer. In a two-fluid blood flow analysis, Sankar [21] observed that both the velocity distribution and flow rate decrease whereas the wall shear, width of the plug flow region and longitudinal impedance increase when the yield stress increases. While following literature, we have seen very few works (Shukla and Parihar [22] , and Shukla and Gupta [23] ) of dispersion considering peripheral layer effect.
To the best of our knowledge there is hardly any work where the effect of peripheral layer is considered on dispersion process, when core region is a Casson liquid and peripheral layer of plasma is a Newtonian liquid. In addition, the present work deals with the irreversible absorption at the boundary of pipe. Also, in a significant change from previous modeling exercises in the study of hydrodynamic dispersion, we consider, different diffusivity yet constant in the three regions viz., Plug, Casson and Newtonian regions, which we think is the most suitable study for the blood-like liquid flow analysis.
Mathematical formulation
A uni-directional, steady laminar, axial, fully-developed flow of an incompressible, three-layer liquid through a circular pipe of radius R ̅ is considered. It is assumed that the core region is the red blood cell suspension enclosed by a peripheral layer of plasma. The Casson model is used for characterizing the blood rheology in the core region whereas the peripheral layer of plasma follows Newtonian liquid. Fig. 1 shows the flow geometry with a cylindrical coordinate system where the axial and radial coordinates are represented by _ z and _ r respectively (the bar denotes dimensional quantities). Once the flow is fully developed and for the low Reynolds number flow it can be shown that the radial velocity is negligibly small and can be neglected. Thus the fully developed flow is only in the axial direction hence all quantities are independent of θ . We assume that Casson liquid occupies the region
and Newtonian liquid the region
Again, within the Casson liquid region, plug flow is assumed in the region:
The governing equations of motion for the axial flow are given by Continuity equation:
where, ( ) 
where _ τ y is the yield stress. In Eq. (7) whenever _ τ c ≤ _ τ y , the velocity gradient will be zero and as a consequence plug flow is seen in  p .
The boundary, symmetry and matching conditions for solving Eqs. 
Let us now consider the transport and spreading of a chemical species with the blood-like liquid flowing through the tube (rigid artery) which is supposed to be completely miscible with the liquid. The species are supposed to involve irreversible absorption into the wall. In the present scenario the transport equation that governs ( ) C t r z , , is the unsteady, convective diffusion equation:
where _ D is the constant molecular diffusivity and considered to be different in the three regions  p ,  c and  n . So we assume
The initial and boundary conditions for the transport Eq. (9) are considered as
where B( _ r ) and ψ( _ z ) are needed to be specified to solve Eq. (9), _ C 0 is the initial concentration of slug input. The absorbing boundary condition at the wall of the tube is represented by Eq. (13), where _ β is the irreversible absorption parameter. Using the following dimensionless quantities 
the above system of Eqs. (9)- (13) can be written in dimensionless form as:
along with initial and boundary conditions
Here u 0 is the time averaged axial velocity and β is the absorption parameter or first order reaction rate representing the rate of loss on the wall. Pe is the Peclet number which measures the relative characteristic time of the diffusion process 
Velocity distribution
With the help of above boundary conditions (8) in dimensionless form, the velocity distribution is given by Sankar and Lee [24] .
Where u c and u n are the velocities for shear flow in Casson and Newtonian regions. The constant velocity u p appears only in plug flow region having radius
is the ratio of the central core radius to the normal pipe radius.
Generalized dispersion model
According to and Sankarasubramanian and Gill [3] , the expansion of concentration C subject to axial derivatives of mean concentration can be written as 
Using Eq. (22) in Eq. (15) along with Eq. (21) and also the boundary conditions (18) and (19) , the following dispersion model for C m gives
According to Sankarasubramanian and Gill [3] , it will be sufficient to truncate the infinite sum of Eq. (23) after first three terms, i.e.
M t D f t u r rf r t dr 
Because of the non-zero solute flux at the outer boundary of wall, M 0 (t) arises, which corresponds to the absorption parameter. As the solute undergoes with irreversible reaction at the outer boundary it will deplete with time that makes negative exchange coefficient ( M 0 (t) ). In such a case, exchange coefficient would be positive as β in the Eq. (19) has been considered with negative sign. M 1 (t) and M 2 (t) correspond to the convective and dispersion coefficients respectively. It is necessary to mention here that M 2 (t) is analogous to the dispersion coefficient ( D a ) obtained from Aris 'Moment method'.
To obtain the above coefficients one needs to find the corresponding functions f k 's (k = 0,1,2). So, Eq. (21) is used in Eq. (15) and the boundary conditions for the pipe are 
Estimation of Exchange Coefficient ( M 0 )
The solution for f 0 (t, r) that satisfies the Eq. 
Where J 0 and J 1 are the Bessel functions of the first kind of order zero and one respectively and A n 's are constants that can be calculated from the initial conditions using the concept of orthogonality of the eigen functions J 0 ( μ n r) . The eigen values μ n 's are the root of the transcendental equation
Further on using Eq. (24a), the exchange coefficient can be obtained as 
From Eq. (34), it is clear that M 0 (t) does not depend on velocity distribution though it depends on the initial solute distribution.
Estimation of Convection Coefficient ( M 1 )
The coupling connection between Eq. (24b) 
The boundary conditions on f k (r) are 
where B n 's are given by 48)] are not the functions of radial non-uniformities in the initial distribution, hence it has no effect in the results of Eq. (49).
Results and Discussion
The present analysis mainly deals with the dispersion of a solute in a blood-like liquid flowing through a narrow pipe under the effect of peripheral layer variation and irreversible absorption into the wall. In a very particular way the present study tries to simulate mathematically the behaviour of the flowing liquid as blood-like liquid flow. It was already discussed that the unsteady dispersion coefficient has to be analyzed by generalized dispersion technique, so the entire process is based on three effective transport coefficient, viz. exchange coefficient ( M 0 ), convection coefficient ( M 1 ) and dispersion coefficient ( M 2 ). As we have experienced some difficulties to present the expressions relating f k 's and M k 's (k ≥ 1), we focus on asymptotic values of these coefficients for a large values of time, though it will not affect the physics of the system. It is observed from the asymptotic formulation that the exchange coefficient does not depend on the finite yield stress of the fluid, but the other two coefficients depend on yield stress or plug radius. Again the absorption parameter β has an important role on all three coefficients in their asymptomatic state.
A MATLAB code is developed for estimating the coupling effect of different parameters and the integrations appear in the expressions are all calculated by Simpson's 1/3 rule. To verify the accuracy of our procedure of handling, we have successfully tested few of our results with some existing results, viz. when R o = 1 , R p = 0 and D p = D c = 1 , the asymptotic value of all three transport coefficients are totally agreed with Sankarasubramanian and Gill [3] which are shown in Fig. 2 . To investigate the coupled effect of the irreversible absorption (β) , peripheral layer variation ( R o ) and yield stress ( τ y ) or plug core radius ( R p ) on M 1 and M 2 , figures have been drawn using practically significant values of the parameters which ensures the character of the flowing liquid as blood-like liquid flow. For example, absorption parameter ( β ) is taken in the range from 0.01 to 100 to account for small to large absorption; the range for R o is 0.92 to 1; plug flow radius ( R p ) varying from 0.0 to 0.03 etc.
From Eq. (24a) it is clear that, only absorption parameter is the reason for the appearance of exchange coefficient. Hence it can be realized easily that ( − M 0 ) is independent of both yield stress ( τ y ) and peripheral layer variation ( R o ). Fig. 3 shows the variation of negative convection coefficient with absorption parameter in the presence of peripheral layer. It can be clearly seen from Fig. 3(a) that asymptotic absolute value of M 1 steadily increases as absorption increases, for a fixed R o = 0.95 and R p = 0.02 . In this case when β = 100, M 1 has increased by 1.50 times the value corresponding to β = 0 . 01 , whereas for the case of single phase Casson model and Newtonian model this increments are 1.53 and 1.55 times respectively. The reason behind the increment is the rapid enhancement in β , so the reaction at the wall consumes material in a quick manner and hence the solute moves towards the faster moving core region. Also from Fig. 3(b) it is found that the negative convective coefficient increases with β when the thickness of peripheral layer increases. Due to the lower value of R o will lead to greater region of Newtonian liquid and hence larger value of the convection coefficient. Fig.  3(c) shows the variation of negative convective coefficient vs absorption parameter for different central core region with fixed R o = 0.95 , the negative convective coefficient decreases with R p and increases with β , which completely satisfies the physical behavior of the system, since the increase of R p results the decrease in corresponding velocities.
From the investigation in Fig. 3 , we see that, for large time, The convective characteristic scales are used for the dimensionless formulation that incorporates the Peclet number (Pe) into the convection diffusion equation as a measure for fluid dispersion. Higher values of Peclet number means the effects of convection exceed those of diffusion in determining the overall mass flux, which could be the reason for small magnitude in dispersion coefficient. Fig. 6 shows that dispersion coefficient decreases as Peclet number increases. Using the Eq. (49) and Eq. (50a), (50b), (50c), the axial variation of mean concentration distribution ( C m × Pe ) has been presented in Fig. 7 against dimensionless time ( t ) at z = 0.5 , for different values of plug core radius ( R p ), absorption parameter (β) and peripheral layer variation ( R o ). It is seen from the figure that, due to constant depletion occurring at the tube wall as the dispersion time t increases, the peak of mean concentration decreases with β and it may becomes falter at large time.
Hence for large absorption, the dispersion coefficient may not have practical importance. From 
Conclusions
From the aforementioned discussion, it can be said that the utility of the upgraded mathematical model explained in this paper has a significance in the study of solute dispersion. A qualitative analysis for scalar dispersion has been studied by evaluating the values of all the three coefficients using analytic approach of Sankarasubramanian and Gill [3] for large time. Most of the previous works show that Casson model is the most reliable equation for analyzing the blood behavior in mathematical way of study. But the importance of peripheral layer on blood-like liquid flow has been mentioned by few authors while studying resistance to flow, wall shear stress, plug core radius etc. Again, the study of dispersion with the effect of absorption has lots of physiological relevance and so, in this present paper, we established the effect of peripheral layer on dispersion process in addition with absorption effect and plug core radius.
The exchange coefficient is independent on both peripheral layer and yield stress but the convection coefficient increases with absorption in the present model which is more than a Casson liquid model and less than the single layer Newtonian liquid. The effective diffusion coefficient decreases with absorption, but for small absorption this decrement is less than corresponding values of Casson model, however, more than the single layer Newtonian liquid. Therefore one can conclude that the presence of peripheral layer is of major physiological significance relating to the functioning of the blood-like liquid stream, when solute will inject on it. These perceptions agree well with those of existing results as said above and henceforth the applicability of the present model is very much approved. It is believed that this model would definitely be of extensive interest for the physiological issues of blood-like liquid flow. 
